Abstract: A high gain integral dynamic compensation method for a missile pitch motion autopilot design is proposed. The external disturbances and model mismatch are lumped into an unknown input term, and then a high gain integral observer is constructed for the estimation of this term. Through the singular perturbation theory, it is concluded that with the control direction known and the integral gain high enough, the observer output can converge to the unknown input fast enough. The Lyapunov analysis also shows the bounded stability of the closed loop system. Numerical simulation results demonstrate this simple method improves the nominal tracking performance and robustness of dynamic inversion controller against unmodeled dynamics and external disturbances.
INTRODUCTION
To accomplish the air-to-air interception, the missile should be designed for maximum range, maneuverability, and reliability. Traditional autopilots designed for missiles are based on classical control theory with linearized equations of motion and aerodynamics. These controllers require substantial tuning, and gain-scheduling techniques are necessary (Theodoulis and Duc, 2009) . For a missile with increased maneuver ability and enlarged range of operation, the nonlinear terms are much more significant and cannot be ignored (Reiner, Balas and Garrard, 1996) . Thus, the geometric nonlinear control theory, which has provided systematic design tools for nonlinear feedback systems, has aroused the interest of control engineers (Khalil, 2002) . Among these methods, exact linearization techniques have been applied to aircrafts and missiles. However, it has been recognized that the feedback linearization or dynamic inversion may have unsatisfied performance against model mismatch and aerodynamic variations. To enhance the robustness of the dynamic inversion controller, traditional solutions include designing the desired inner and outer loop dynamics using ∞ and synthesis (Reiner, Balas and Garrard, 1996) . Other methods such as adaptive backstepping and sliding mode control are also proposed for the synthesis of missile autopilot (Oort et al, 2007; Choe and Kim, 2002; Salamci,Özgören and Banks, 2000) . Chen (2003) proposed a nonlinear disturbance observerbased (DOB) controller for the enhancement of robustness ★ This work is supported by China National Natural Science Foundation under grant 60736023, 60704014.
of dynamic inversion. This kind of controller has been well accepted by industrial side for motion control (Yang et al, 2008) . The key point of a DOB is to pass the external disturbances and model mismatch, lumped as an error term of the motion equation, through a typically designed filter and then to compensate them by the output of the filter. Though this simple method has proved its excellent disturbance compensation ability in real applications, the synthesis technique is mainly based on frequency domain methods for linear control system, and the stability of the closed loop system has not been well studied, especially for nonlinear systems.
In this work, we propose a simple high gain integral dynamic compensation technique for the synthesis of missile pitch autopilot, which is a special DOB-based controller. With the gain of the integral term growing high, the disturbance observer can be viewed as a singular perturbed system. Then under the condition that the control direction is known, the fast enough observer output could always converge to the unknown input. Through the Lyapunov analysis, the bounded stability has been proved.
The rest of this paper is organized as follows: section 2 presents the dynamic equations of the pitch motion of a missile; section 3 gives the typical dynamic inversion controller and our high gain integral dynamic compensation controller, and the bounded stability is proved in this section; the singular perturbation analysis is presented in section 4; section 5 gives the numerical simulation results and section 6 concludes the paper. The nonlinear dynamic equations for the pitch motion of a tail controlled axisymmetric missile are described bẏ
where , and are angle of attack, pitch rate and elevator deflection angle. , , , and are dynamic pressure, reference area, reference length, mass and velocity of the missile respectively. 1 and 2 are external disturbances which are typically caused by wind, etc. , , and are aerodynamic coefficients, and they are functions of angle of attack and Mach number which can be described as The pitch channel autopilot designed here is for the tracking of commanded angle of attack, which is given by the missile guidance algorithm.
DYNAMIC INVERSION AND HIGH GAIN INTEGRAL DYNAMIC COMPENSATION
The dynamic inversion controller uses the two-timescale assumption to separate the angle of attack and pitch rate dynamics. The inner-loop inversion uses the tail fin deflection to control the fast state , while the outer-loop inversion uses as virtual input to control the slow state . Besides, the external disturbances are neglected for simplicity, thus equations (1) and (2) can be rewritten aṡ
where = and = . Let˙ denotes the desired dynamics of˙ , then the desired pitch rate is =˙ −
It means when the pitch rate of the missile equals its desired value , the dynamics of then becomes its ideal value˙ =˙
Design˙ in proportional-integral form as followṡ
where is the reference angle of attack, which is given by the guidance algorithm and is assumed to be constant. For the purpose of the inner-loop inversion, the desired pitch rate dynamics is designed aṡ
Then the tail fin deflection command is given by
The exact feedback linearization is accomplished when the model parameters known exactly, model mismatch negligible and no disturbances acted on the missile. Then the inner and outer loop dynamics can be exactly the same as those designed. However, the nonideal factors always exist, and the robustness of the closed loop system must be considered. Here a simple high gain integral observer is used for the compensation of the system uncertainties.
First, we lump the neglecting dynamics, model uncertainties and external disturbances into two unknown input terms 1 and 2 as follows.
Then two unknown input estimators are designed as
To avoid the differentiating of the system output and in the right hand side of equations (13) and (14), we define two new variables as
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Remark 1: Eqs. (15)- (18) are used to estimate the unknown inputs 1 and 2 without differentiating the system outputs. It alleviates the problem caused by the sensor noises. However, for the sake of analysis, equations (13) and (14) are used instead.
Substituting (11) and (12) into (13) and (14), we havė
Let the desired pitch rate as , and let
then we havė
Differentiating (25), yieldṡ
Substituting (19), (20), (23), (24) into (26), yieldṡ
and take the tail fin command as
We havė
, we can conclude that 1 → 0 and 2 → 0. , the system is bounded, and the bounds are proportional to 1 and 2 .
Remark 2: The dynamic compensation method used here is composed of three parts, and they are used for the cancelation of nonlinear dynamics, setting of desired dynamics and compensation of uncertain dynamics and external disturbances. The use of high gain integral dynamic compensation canceled the uncertainties of the dynamic equations, such that the other parts of the controller operates at an approximately nominal state.
SINGULAR PERTURBATION ANALYSIS
The integral gain used in equations (13) and (14) have the function to separate the time-scale of the observer and physical dynamics. It is demonstrated through the singular perturbation analysis. The plant here is in the following form˙
where 0 , 0 are known functions and Δ , Δ are uncertain parts. is external disturbance. We lump the uncertain parts and disturbance into an unknown input term , yieldṡ
The high gain integral observer proposed in this paper is
It is in a standard form of singular perturbed system. It is clear that when is sufficiently small, the observer dynamics could be sufficiently faster than the unknown input varying. However, this gain should not set to be too high, or the bandwidth of the observer would be unnecessarily wide. Let
we have˙ which means when the integral gain 1 is set to be large enough, the estimated value of the unknown input can convergence to its real value fast enough. However, the original system has to obey three assumptions to draw this conclusion (Naidu and Calise, 2001 ). The first two assumptions are obviously satisfied for our system, while the last assumption quoted here as assumption 2 needs the system to further satisfies a "known the direction" condition.
Assumption 1: the solutionˆ from (36) is an asymptotically stable equilibrium point of the boundary-layer equation
as → ∞, where = . This means that the system matrix of (37) has all eigenvalues with negative real parts and the boundary conditions are in the domain of influence of the equilibrium point.
We have the quasi-steady-state model as 0 < 1 means the uncertain part of the control gain must be less than the known part, otherwise the compensation direction could be fault.
NUMERICAL SIMULATION
To evaluate the effectiveness of the compensation controller proposed, numerical simulations are carried out for the missile with initial height of 10000m and initial Mach number 2.5. The designed parameters for the dynamic inversion controller and the high gain integral dynamic compensation controller are as follows , = −20, , = −10, , = −20, , = −20 1 = 1, 2 = 0.1, ,1 = −10, ,2 = −20 Additionally, a controller evolving nonlinear damping is synthesized for comparison. That controller is given as follows.
where T = ( 3 , | |, , 1) and ,1 = −10, ,2 = −10, ,3 = −20, ,4 = −20, and = 1. Four different trials are tested, which are described as follows Fig. 7 . Alpha tracking when the aerodynamic coefficients are shifted dynamic inversion controller is slow compared with the other two controllers, and causes its worse performance. However, its steady state performance is good for the use of integration. From this figure we also see that the dynamic compensation controller gives almost the same command as dynamic inversion in steady-state, and is is the reason why it also has good steady-state performance. Fig.4 and 5 show the alpha tracking performance and tail fin deviation when constant external disturbances are evolved. This scenario has the same result with the nominal simulation, and the constant disturbances can be well compensated by the dynamic compensation controller. Fig.6 and 7 give the simulation results when varying disturbances are acted on the missile and aerodynamic parameters are shifted away from their nominal values. These two scenarios further show the effectiveness of the dynamic compensation method proposed.
CONCLUSION
The expansion of operational range and demanding of high maneuverability and reliability have driven the traditional missile autopilot design methods to their very limit. The dynamic inversion synthesis technique with the merits of easy to understand and simple to use, has attracted engineers' interests. However, this method is model dependent and its robustness against uncertainty is not satisfied. To enhance the robustness of the dynamic inversion controller, a simple high gain integral dynamic compensation technique is proposed in this paper. Using Lyapunov analysis, the stability of closed loop system with external disturbances and uncertain dynamics is proved. The singular perturbation analysis extracts the effects of the high gain and poses a "known the direction" condition of this method.
Simulation results demonstrated that the dynamic compensation method can overcome the difficulties aroused by uncertain dynamics as well as external disturbances.
